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A flat antichain is a collection of incomparable subsets of a finite ground set, such that
|B|—|C| <1 for every two members B, C. Using Lieby’s results, we prove the Flat An-
tichain Conjecture, which says that for any antichain there exists a flat antichain having
the same cardinality and average set size.

1. Introduction

In this paper we investigate subsets of the underlying set [n|={1,2,...,n}.
A family AC 2 is called an antichain if for all distinct members B,C e A
we have B ¢ C. The size of A is | A, the volume is vol(A) =3 4c4]A4], and
the average set size is av(A) = ﬁ > acalAl. We say that A is flat if for all
A€ A we have |A|=d or |A|=d+1 for some non-negative integer d. A family
B is a flat counterpart of A if B is flat, |A|=|B| and av(A)=av(B).

A completely separating system (CSS) is a family C of subsets of [m] such
that for each ordered pair (a,b), a#b, there is a set in C which contain a but
does not contain b. It is a natural question to determine the minimum size
of a k-uniform CSS: Ramsay, Roberts and Ruskey [9,10] have found upper
and lower bounds on it.

The dual of a set system A={A,...,A,,} C2[" is the collection A* =
{Cy,...,C,} €20 where C;={j:ie Aj;}. It is easy to see that A is an
antichain if and only if A* is a CSS. Since vol(A) = vol(A*), a necessary
condition for C C 2" being a k-uniform CSS of size n is that there exists
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an antichian of size m with volume kn, i.e. with average set size kn/m.
Investigating this problem, Lieby [6] conjectured the following.

Flat Antichain Conjecture. If A is an antichain, then there exists a flat
antichain with the same size and average set size.

Thus this conjecture would make easier to check whether a CSS exists
with given parameters. However, this is also a nice problem itself.

The conjecture has been verified in several special cases. A result of Kleit-
man and Milner [5] implies that if A is an antichain with integral average
set size, then the conjecture is true. Roberts [11] has solved the FAC for an-
tichains with average set size at most 3. In her PhD thesis, Lieby has proven
the conjecture if A is contained in 3 or 4 consecutive levels.

Theorem 1 (Lieby [7,8]). Let A be an antichain, such that |B|—|C|<3
for all B,C € A. Then the Flat Antichain Conjecture holds for A.

Brankovic, Lieby and Miller [1] have shown a weaker version of the con-
jecture, that is, there is a flat antichain with the same volume but not
necessary the same size.

In the present paper we prove the FAC using Theorem 1 and a sufficient
condition for the existence of an antichain on two levels.

2. Tools

Let H C (["]) be a family of h-element sets; the shadow of H is defined as
AH={G:|G|=h—1,G C H € H}. Similarly, the shade of H is VH={G:
|G|=h+1,G D> H €H}. By simple double counting argument, Sperner has
obtained lower estimations on the shadow and the shade.

Lemma 1 (Sperner [12]). Let H be a collection of h-element subsets of
[n]. Then
h

AHl > ———
| H’_n—fH—l

[H|

IVH| =

h

For 0 <i<n, we denote by A; the collection of i-element sets in A, i.e.
A;={AecA: |A[ =1}, and let a; =|.A;|. The vector (ag,...,a,) is called the
profile of A.

Given two sets A, BC [n], we say that A is smaller than B in the squashed
order if the largest element of the symmetric difference of A and B is in B.
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A squashed antichain is an antichain A if for all i the i-element subsets
contained in a member of U;>;A; constitute an initial segment of the i-
element sets in the squashed order. An important theorem about antichains
and squashed antichains is the following.

Theorem 2 (Clements [2], Daykin, et al. [3]). For each antichain, there
exists a squashed antichain with the same profile.

For fixed k, [ let us take the pairs (z,y) €Z2, 0<z < (}), 0<y < (}) for
which there is no antichain A= A4;UA; such that |Ag| =z, |A/|=y. In [4]
we have determined the convex hull of such pairs by giving its extreme
points. So every point (z,y), < (}), y<(}) are non-negative integers that
lies outside of this convex set can be associated with an antichain on levels
k,l. In particular, if the non-negative integers x,y satisfy the inequality
ur + vy < ¢, where u,v >0 and ¢ are appropriate constants then there is an
antichain A=A, UA; with [A| =z, |A;|=y (see Fig. 1).

ay,

Fig. 1.

In order to obtain the best possible ¢ for given u, v, we have computed
the minimum of uz + vy where (x,y) is in the convex hull. We have then
established a theorem which has the special case for consecutive levels.

Theorem 3 ([4]). Let u,v>0 be given numbers, 1 <% <n—d—1 and let

n—d d+1 )
Yalw,v) = u- Z(O;J)Jrl T <€?>+1 :

Jj=2
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where

aj = mln{[(”—i—l)(J—lﬂ —1,d—|—j—1},

B; —mln{[( +10)(G -1, n—d+j —2}.
If for non-negative integers x,y we have
uz + vy < Y4(u,v),
then there is an antichain A on levels d,d+1, such that |A4|=x, |Ag+1|=y.

In the remaining part of this chapter, we give more explicit formulas on
va(u,v) for some u,v.

Lemma 2. Let 2d+1<n. Then

(-5 S () ()

Proof. From Theorem 3 we have

n—d . . .
(1 1) = Z (mln{Q(g—l)—.l, d—l—j—l}) +1

i=2 J
d+1 /. ) .
min{2(j—1),n—d+j—2
S ( {261, j }> o
j=2 J
An easy calculation shows now the statement. |

Lemma 3. If n<3d+2 then

e _22([ 3 - 1)] - >+ Z (3(‘7-._1))

J J

n Sn—d—-1)| +1
Jr<cl+1>_O2 n—d—1J >+3’

while for n>3d+1, we have

R e
)

(1)

(2)
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Proof. First, note that for n=3d+1, 3d+2, these formulas are equal. Using
the notations of Theorem 3,

aj—{[%(j—lﬂ —1 ifj<2d+2

d+j5—1 otherwise,
and
5 = 130G=1) if j < n=dtl
77 In—d+j—2 otherwise,
and straightforward computations show the statement. |

Lemma 4. If 2d+1<n then

a1 (|d=i(p, _
yd(n—d—1,d)—d<’;:>+dz O; (n DJ) +d

i=1

Proof. We use the notations of Theorem 3, again. Here

aj = {771?;11(]'—1)} -1,

because
n—1

L -1 <d+j
U - =d+j

since j <n—d. Let us write a; in the form aj;=d+j—i—1, where

d
=d+1— | —— (j—1
which is equivalent to

d—i+1
m—d-1+1<j<®tT2

d—1i
d d

(n—d—1)+1.

(3) with 2<j5<n —d and 2d+1<n yield 1 <i<d. We also observe that
2d+1<n implies %(n—d—l)—%(n—d—l) >1, so we have non-empty



70 AKOS KISVOLCSEY

sums below. We obtain

because

since j <d—+1. ]

3. Proof of the Flat Antichain Conjecture

From now on, let d<av(A)<d+1 for some integer d. The main idea of the
proof is the following. We find a weight function w:.A4A— R such that

i) w is constant on the levels, i.e. w(B) = w(C) = w;, for all B,C € A,
|B‘:‘C|:i,
ii) w is linear: w; =si+t,

oy 1 w,
iii) wy, wy,, are positive and 5 <

<n-—d-—1.
d+1

If for the total weight of A, w(A)= f: w;a; we have
=0

w(A) < yg(wg way ),
then the conjecture is true for A. Indeed, let x,y be the non-negative integers
z = (d+1)]A| — vol(A),
y = vol(A) — d|A|.
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Since w is linear, it is easy to see that wyz +wy, ;y=w(A), so Theorem 3
ensures the existence of an antichain B on levels d,d+ 1 with |B4| = =,
|Bat1|=y. But

4y =|A

dz + (d+ 1)y = vol(A),

hence B has the same size and average set size as A.

If the average set size of an antichain is n/2 for even n, then the conjecture
is valid by Sperner’s theorem [12]. In every other case we can assume that
2d +1 < n; otherwise, we turn the whole poset 2" upside down, that is,
we take the antichain A¢ = {[n] — A: A € A}, which has average set size
av(A°)=n—av(A). If an antichain B is a flat counterpart of A¢, then B¢ is
clearly a flat antichain of size |B¢|=|.A| and average set size av(B¢)=av(A).
Furthermore, we suppose d > 0, since otherwise av(A) < 1, so () € A thus
A={0}, and there is nothing to prove. Similarly, d<n—1.

In order to prove the FAC, we apply induction on [n]. For n <3, every
antichain on [n] is flat. If n = 4, then it is easy to see that, up to the
permutation of the elements, there is only one antichain on [n] which is not
flat: {{1,2,3},{4}}. In this case, {{1,2},{3,4}} shows the statement of the
conjecture.

By Theorem 2, we can assume that A is a squashed antichain. Let A(n) =
{Ac A:n¢ A} and A(n) = {A € A:n e A} with average set sizes k <
av(A(n)) <k+1 and | —1 < av(A(n)) <. Since A is squashed, we have
min{|B|: B € A(n)} > max{|C|: C € A(n)}, thus k > [. By the induction
hypothesis, there are antichains B and B’ on [n—1] that are flat counterparts
of A(n) and {A—{n}: A€ A(n)}, respectively. So the antichain B” ={BU{n}:
BeB'} is a flat counterpart of A(n).

Consequently, it is enough to investigate antichains for which A=.4; ;U
AjUALUAg4 with a;,a, >0, I <k and no member of AU Ay contains
n, but every member of A;_1UA; contains n, thus >0, k<n. Moreover, if
A;_1 is non-empty, then [ > 1, while Ag,q # 0 implies k <n—1. In view of
Theorem 1, we will suppose k>1+2. It is clear, that also [—1<d <k holds.

Introduce the notations Va,_; = [VA;_1] and Aa,; = [AA;1]. Since
ne A for all A€ A;_q, applying Lemma 1 for A;_q, I >1 (with n—1 and
h=10—-2) and for Axi1, k<n—1 (with n—1 and h=k+1), we obtain

n—[01+1 k+1

(4) Vo 2 —— a0, Aa 2 G

A is an antichain, hence V.A;_1, A; are disjoint sets, and n€ A for all A €
VA_1UA;. Similarly, AAg 1 UA,C ([n;”), where AAy1, Ay are disjoint.
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Therefore,

—1 —1
(5) Va; | +a; < (7_1>, ap + Aagyy < (nk >

We will separate four cases.

3.1.Case 1. k>d+3, l=d+1

First, we study the case when n=2d+ 1. Let the weights be w; =1 for all
j=0,...,n. By (4) and (5) we have

w(A) = a1 + a; + . + CLk+1

-1 —1
<Va_1+a+ap+ Aap,q < (?_1>+ (nk >

So we have to prove that

("1 () <,

i.e., by Lemma 2, it is enough to show that

o () () 5(00) (1)

It is true for d=1, and when we change d to d+ 1, the increase of the left
hand side is

2d+2 2d 2d+2 2d
H 1) —LH = — _

st —wisan = (517) () + () - (%)
~[(2d+1 n 2d . 2d . 2d +1
S \d+4 d+2 d+1 d
_[(2d+1 n 2d+1 n 2d+1
- \d-3 d+2 d+1)’

which is less than the increase of the right hand side,

1
RH&d+1)—RHSM%:(3t;>—%(?:;>

2d +1 2d + 1 2d +1
(d—1>+<d+2>+<d+1>
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o (6) holds for all d.

73

Let now n>2d+2. We use the weights w;=d+2—7, so w;=2, wy, =1

Then
w(A) = (d+2-(1-1)a_1+(d+2-1)q
+(d+2-k)ap+d+2—(k+1)ap, <2, +a,

since d+2—k<0. But, by (4) and (5),

n
201+ ap =i+ (g + ) < (l B 2> + (Vai_ + @)

() ()=o) =) - ()

thus it is necessary only to verify that

(7) (Z) < a(2,1).

If n=3d+1, it means by Lemma 3 that
3d 2d+1 /[3(5 _q d+1 —1)
(8) ( N > <2 Z 30 jﬂ +Z SU-DY Ly

which is true for d=1. Moreover,

LHS(d + 1) — LHS(d) = (307;4) (3“1)

3d+3 3d + 2 3d+1
which is easily seen less than

3d + 2 3d+1 3d+3
RHS(d+1)—RHS(d)_2<d_1>+2<d_1> +<d+2>,

hence (8) holds for all d. By (2) in Lemma 3, if n>3d+1 then v,(2,1) is

growing faster in n than (7)), so (7) is valid for all n>3d+1.

Let us now prove (7) for 2d +2 < n < 3d. If n—d is odd, then put
ny=3n/2-3d/2—1/2, di=n/2—d/2—1/2. Denote the right hand side of
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(1) in Lemma 3 by f(n,d), and remember that for n=3d+1, (1) and (2) in
Lemma 3 are the same. Since n;=3d;+ 1, d; >1 we have just proven that

(Zi) < f(nl, dl)

We observe n—d=ni —dy, so we need

<d>_<di>Sf(n’d)_f(nl’dl):(d—i—l)_(dl—il—l)’
that is,

(o) =) = i) =)

ny—dy —1 n—di) ~\n—d-1 n—d)’

It is true, because the function a— (,“,) — (), a,t are integers, is increasing

for t <a <2t—2 and n; <n. Consequently, t(?) is true when n—d is odd. If
n=3, d=1, (7) can be checked directly. In all other cases, if n—d is even,
let ng=3n/2—-3d/2—1, dy=n/2—d/2—1, so ny=3dy+2, and a very same
argument shows the statement.

3.2.Case 2. k>d+2, 1<d

We will use the weights w;=d+(n—2d—1)(d4+1—j) in the remaining three
sections, so wy=n—d—1, wy, ; =d. Obviously, w, >0, and remember that
a;_; #0 implies [ > 1, and a;_ ; #0 implies £ <n — 1. If w;, >0, then by (4)
and (5),

w(A) = w_ya;_1 + wa; + Wiy + Wiy 144

w w
-1 k+1
= wl al*l + (ll + wk CLk + ak+1
wy Wy,

n—d-—1 d
W\ g 1 T @) T | @ o Gk

n—1[01+1 k+1
Swl ﬁalfl—i_al +wk ak+mak+1

< w(Vay_y + ;) + wy(ay + Aayq)

(9) Swl@_‘f) +wk<”;1).

IN
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It is easy to see that for all 0<i<d, and d<j<n—1, w; >0 we have

n—1 n—1 n—1 n—1
10)  wi| o) <wial ) win i) <l )

since

w; Sn—d—1<n.—i, ijS d - j—ljl .
Wit1 d 1 w; n—d—1 n—-—j5-1

Thus, for k>d+2, [ <d and w; >0 by (9), (10) it holds
w(A) < wd<z:i> +wd+2<34__;>
:(n—d—1)<Z:i> +(—n+3d+1)<Z;;>
< (n—d—l)@:i) +d%<311>.
Though we need w;, >0 to prove (9), if w, <0 (so w;, <0), trivially

. <dd—1 n—1
Ok T e e = Cro\a 1)

So in order to show
w(A) <74(n—d—1,d),

it is enough to prove that

(11) (n—d—l)(Z:D +d%<’;:> < yyln—d—1,d).

Introducing the notation

pi= | -]

by Lemma 4, (11) can be written as

(n—d 1)%1 pi ) o 3d (n-l +ddi:1 S
" d—i) ~dv2\d+1) & \d-iv1) 7T

=1

75
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It is true for d=1,2, and since
n—1 _%fn—i—l
d+1) = \d—-i+2)

it is enough to verify

j2% 3d n—it—1 Mg
—d—-1 < 27
(n—d )<d—J“d+2<d—i+2>+d<d—i+1>

if d>3,1<i<d—1. Let us devide both sides by (;*,). Note that from
n > 2d+1 it follows n—i—1 > u; + 1 for all 4, moreover, if ¢ > 2 then
n—i—1>pu; +2 holds, too. If n—i—1>pu; +2, we obtain

3d (n—i—-1Dn—i—2)(n—i—23)--(u+1)

—d-1< .

" “d+2 (d—it)d—i+2)(n—-d—38) - (m—d+i+1)
i —d+1
12 qli—are
(12) M

Since n—i—2>d—1+2, n—i—3>n—d—3,...,pu;+1>p; —d+i+1 we will
prove only
3d n—i—1 i —d+1
—d—1< . d .
" Sd+2 d—it1 Yd—it1

We observe
dp —d+i) =d (| -1)| = (d=) > d(Gn-1) - - (d-9)
:d(%qn—d—1y—%;):@w4xn—d—1y—u—1y

hence

i —d—+1i n—2
1 —d-1-d <
(13) " d—i+1 ~d—i+1

so we need to verify
n—2 - 3d n—i—1
d—i+1~"d+2 d—i+1
After multiplying both sides by d—i+1, we put i=d—1 since the right hand
side is decreasing in ¢, so we get

(n—2)(d+2) < 3d(n — d),

which is true for n>2d-+1.
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Let us show now the missing case n—i—1=p;+ 1, so i = 1. Instead of
(12) we have

nd—1< 3d  (n—2)(n—d—2) n—d—Q’
d+2 (d+1)d d

that is,
(d+2)(d+1) <3(n—2)(n—d-—2),

which is true for d>3, n>2d+ 1. Thus, we have proven (11).

3.3. Case 3. k=d+1, I<d-—-1

If w, >0, by (9) and (10),

Notice that if w, <0, then

n—1
Wiy + Wy pqy < d d41

holds, so we want to prove

n—1 n—1
~3d— —d—1,d).
(2n — 3d 2)<d_2>+d<d+l><’yd(n d—1,d)
n_

(2n—3d—2)<d_;> g(n—d—l)%@:i),

thus, by Lemma 4, we show

L 2n—d—1) (n—1 ! ;
(”_d_l)z<du—z‘>< (d+1 )<d_1>+d2<df§+1>+d~

=1 =1
n—1 d n—i—1

it is necessary only to prove

L 2n—d—=1)(n—1—1 L
(n_d_1)<d—i>§T< d—i >+d<d—i+1>

But

Since
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for all 1<i<d—1. Remember that n—i—1>p;+1 so after dividing by (/")
we get
2n—d—1) (n—i= 1) () p—d+i
d+1 (n—d—=1)-- (i —d+i+1) d—i+1°

Since n—d—1<n—i—2,...,u;, —d+i1+2 < p; + 1, similarly to Case 2, by
(13), we need to verify

n—2 <2(n—d—1) n—i—1

d—i+1"~ d+1 i —d+i+1

n—d—1<

We have n—2<2(n—d—1), so the only thing to prove is

(n—i—1)(d—i+1)

14 d+1<
(1) = i —d+i+1

or

(15)  (@d+1) (G- —d+i+1) < (n—i—1)(d—i+1).

It is equivalent to
0<in—(i+1)(d—i+1)+F(d+1)+(d—i—1)(d+1),

which is increasing in n, so it is enough to check (15) for n=2d+1, and we
have
(d+1)(d—i+1) < (2d—i)(d—i+1),

which is valid, because i <d—1.

3.4. Case 4. k=d, I<d—2

We prove the case 3d <n directly. So an antichain A=A4; UAUA;UAz 1
is given and B = By U By, 1 is its flat counterpart. To have equal size and
volume, it is easy to see that

bd:ad+al_1+al+z,
bd+1 = Q441 — %

where z=(d—1)a,+(d—1+1)a;, ;. Since AgUAg;1 C 2" in order to show
that B can be an antichain, it is enough to find a;_; +a; + 2 d-element sets
that contain n, so we have to prove

n—1
al,l-l-al-l-zﬁ d—l y
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or equivalently,

—1
(d—l+2)al,1+(d—l—|—1)al§ <3_1>

If I>1, by (4) and (5)

d—1+2
(d—l+2)al_1+(d—l+1)al:(d—l—i-l) (mal_1+al>

41
<(d—1+1) <%all—|—al)

<(@d-1+1)(Va_; +a)

g(d—l+D<7:3>

If =1 then a, ;=0 and ;< (’;:11) Consequently, we need to show

(d—l+1)<7__11> < (Z:D

which is true, because

(n—d+1)---(n—1)

d—1+1<2¢l <
tis = (d—1)---1 ’

for 3d<n.
Let us finally study the case 2d+1 <n <3d, and note that d>[+2 implies
d>3. Obviously, if w, <0, then

n—1
Wyag + Wy g0y < (n—d—1) L

Otherwise, by (9) and (10),

w(A) < wy_ (Z:;) +wd<n . 1>7

hence it is necessary only to show that

(3n—5d—3)<2:;> +(n—d—1)<n;1> < yy(n—d—1,d).
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By Lemma 4, it is enough to prove

(16) (n—d—l)%(dlﬁl><g(nd< >+dz< P >+d,

=1

where
B d—1 Bn-5d—-3)(d—1)(d-2)
glnd) = —d =) — T a9
because
n—1) (d—1)(d-2) n—1
d—3) (m—d+1)(n—d+2)\d-1)’
(n—d—l)(n;1>—(d+l) Z;i)
and

n—1 n—1 n—d n—1

—d-1 - —n—d-1)(1--——2%_
(n—d )<d—1> <d+1> (n—d )( d(d+1)><d—1>

d—1(n-1

>(n—d—1)2"=

2 (n )d+1<d—1>
for n<3d. For n>2d+1, g(n,d) >0 holds since
d(d — 1)(6d + 8)

9@+ Ld) = e A+
and
d—1 (3n — 7d — 9)(d — 1)(d — 2)
an g+ Ld) =g d) = g+ T —d ) m—d 1 3)
o1
“d+1

To see this latter inequality, we claim that
n—d+1)(n—d+2)(n—d+3)>—Bn—7d—-9)(d—-1)(d+1).

If the right hand side is negative, then it is clearly true; otherwise, since
n—d+1>d—+1, it is enough to show

(18) (n—d+2)(n—d+3) > —(3n—7d — 9)(d —1).
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It is equivalent to
(n—d)?+ (3d+2)(n—d) — (4d+9)(d — 1) + 6 > 0,

and the left hand size is increasing in n —d, so we need to check (18) for
n=2d+1, and we get

(d+3)(d+4) > (d+6)(d—1),

which is valid. So g(n,d) is really non-negative, thus instead of (16) we prove

(n—d- 1)<dﬁf Z) Sg(n’d)<n;i; 1) +d<d—ii+ 1>‘

As in the previous cases, we devide both sides by (/) and, by (13), (14),
we obtain to show
n—2<g(n,d)(d+1).

But (17) assures that the right hand size is growing in n at least as fast as
the left hand side, so we verify the inequality only for n=2d+ 1. We have

d(d —1)(6d + 8)
(d+2)(d+3) "’
which is true for d=3, while for d >4 we know that
- (d—1)(6d+ 8)
~ (d+2)(d+3)’

2d—-1<

and we are done.
Thus, we have proven all the possible cases, and so the Flat Antichain
Conjecture.
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